Introduction
When X is an algebraic complex K3 surface, the second integral cohomology H 2 (X, Z) is a free abelian group of rank 22 equipped with a lattice structure isomorphic to U 3 ⊕ E 2 8 . Here U is the unimodular hyperbolic lattice of rank 2 and E 8 is a negative definite loot lattice. There is a canonical primitive embedding of the Neron-Severi group of X into the second cohomology N S(X) ֒→ H 2 (X/Z). The rank of N S(X) is called the Picard number of X and denoted by ρ(X). The orthogonal complement of this embedding is called the transcendental lattice of X and is denoted by T (X). The rank of the transcendental lattice is 22 − ρ(X). H 2 (X/Z) is an overlattice of N S(X) ⊕ T (X) and |H 2 (X/Z)/(N S(X) ⊕ T (X))| = |d(N S(X))|.
The one dimensional complex space of global sections of holomorphic two forms of X, H 0 (X, Ω 2 X/C ) is a direct factor of H 2 (X/Z) ⊗ C = H 2 (X/C) and by the Lefschetz (1, 1) theorem, N S(X) = H 0 (X, Ω 2 X/C ) ⊥ ∩ H 2 (X/Z) in H 2 (X/C).
In particular, H 0 (X, Ω 2 X/C ) ⊂ T (X) ⊗ C. The automorphism group of X, Aut(X) has a canonical actions on N S(X), T (X) and H 0 (X, Ω 2 X/C ). Let us denote the actions on the transcendental lattice and the two forms by χ : Aut(X) → O(T (X)) and ρ : Aut(X) → Gl(H 0 (X, Ω 2 X/C )).
Considering the projection T (X) ⊗ C → H 0 (X, Ω 2 X/C ), there is a canonical surjection p : Im χ → Im ρ. It is known that Im χ and Im ρ is finite and p is an isomorphism. ( [21] ) If the order of Im ρ is N , Im ρ ⊆ C * is generated by an N -th root of unity ξ N and it is also known that T (X) has a free Z[ξ N ]-module structure in a natural way. ( [16] ) In particular we know 22 − ρ(X) is a multiple of φ(N ), where φ is the Euler φ-function. An automorphism of X, α : X → X is symplectic if ρ(α) = 1. If ρ(α) = 1, α is non-symplectic. If α is of finite order (> 1) and the order of α is equal to the order of ρ(α), we say α is purely non-symplectic.
Assume k is an algebraically closed filed of positive characteristic p and X is a K3 surface defined over k. The second Newton polygon of X is determined by the height of the formal Brauer group of X. (See section 2) This height is a positive integer between 1 and 10 or ∞. If the height of X is ∞, we say X is supersingular. For a supersingular K3 surface X over odd characteristic, the Picard number is 22 ([5] , [17] ) and the discriminant of the Neron-Severi group is p −2σ for a positive integer σ between 1 and 10. We call σ the Artin invariant of X. By the Frobenius invariant of a K3 surface over positive characteristic, we mean the height and the Artin invariant of it. Assume k is of odd characteristic. There are embeddings
cris (X/W ) of Z l -lattices and W -lattices respectively. If X is supersingular of Artin invariant σ, the orthogonal complement of these embeddings are null. But
and ρ : Aut X → Gl(H 0 (X, Ω 2 X/k )) be the representations of the automorphism group of X. Then the canonical map Im χ → Im ρ is an isomorphism of finite cyclic groups and the order of Im ρ divides p σ + 1. (Proposition 2.1, [23] Theorem 2.1) If X is of finite height h, ρ(X) is not greater than 22 − 2h. We call the orthogonal complement of N S(X) ⊗ Z l ֒→ H 2 et (X, Z l ) the l-adic transcendental lattice of X and denoted by T l (X) for l = p. The representation of Aut X on T l (X) is denoted by
There is a canonical surjection p l : Im χ l → Im ρ and we will see both of Im χ l and Im ρ are finite. (Proposition 2.4, Proposition 2.6) Moreover under a mild condition, for α ∈ Aut(X), if n is the order of ρ(α), every n-th root of unity occurs as an eigenvalue of χ l (α). (Proposition 2.6) This is a generalization of Proposition 2.1 in [11] . If the base field is a finite field and the order of Im χ l is prime to the base characteristic, p l is isomorphic. In this case, when N is the order of Im χ, T l (X) is a free module over Z l [ξ N ] ⊗ Z l and 22 − ρ(X) is divisible by φ(N ) as the complex case.
Theorem 2.10. Let k be an algebraic closure of a finite filed of odd characteristic p and X be a K3 surface of finite height h over k. If the order of Im(χ l ) is not divisible by p, the projection p l : Im(χ l ) → Im(ρ) is bijective. Corollary 2.11. Let k be an algebraic closure of a finite filed of odd characteristic p. X is a K3 surface of finite height over k. We assume N is the order of Im χ l and is not divisible by p. Then the rank of T l (X) = 22 − ρ(X) is divisible by φ(N ).
Using the results, we prove, for a K3 surface over a finite field of odd characteristic equipped with an automorphism of higher non-symplectic order N and of sufficiently large Picard number, the height is uniquely determined by the congruence class of the base characteristic modulo N . Proposition 3.1. Let X be a K3 surface over k, an algebraic closure of a finite field of odd characteristic p. Let α be an automorphism of X. Assume N (> 2) is the order of ρ(α) and is not divisible by p. We assume the rank of Neron-Severi group of X is at least 22-φ(N ). If p m ≡ −1 modulo N for some m, X is supersingular. If p m ≡ −1 modulo N for any m and the order of p in (Z/N Z) * is n, X is of height n.
By a deformation argument, we obtain a similar result over an arbitrary algebraic closed field of odd characteristic. (Proposition 3.2) Moreover if φ(n) > 10 and the automorphism is of finite order, the Artin invariant is also uniquely determined by the congruence class of the base characteristic. (Corollary 3.4) From these results, for a K3 surface over a number field equipped with an automorphism of higher non-symplectic order and of maximal Picard number, we can determine the Frobenius invariants of the reduction over almost all places. (Remark 3.7, Example 3.8)
2 Representations of the automorphism groups on the two forms and transcendental cycles First let us review some facts on the Neron-Severi group and the crystalline cohomology of K3 surfaces over odd characteristic field. For the detail, we refer to [3] , [8] , [9] , [22] , [24] , [26] , [27] . Assume k is an algebraically closed field of characteristic p > 2. Let W be the ring of Witt vectors of k and K be the fraction field of W . Assume X is a K3 surface over k. Let Br X be the formal Brauer group of X. Br X is a smooth formal group of dimension 1 over k. A smooth formal group of dimension 1 is determined by its height and the height of Br X , h is a positive integer (1 ≤ h ≤ 10) or ∞. When h = ∞, we say X is supersingular. The Dieudonné module of Br X is
The crystalline cohomologies H i cris (X/W ) are finite free W -modules equipped with Frobenius-linear operators of rank 1, 0, 22, 0, 1 for i = 0, 1, 2, 3, 4 respectively. If the height h is finite, the Frobenius slopes of H 2 cris (X/W ) are 1 − 1/h, 1.1 + 1/h of length h, 22−2h, h respectively and if X is supersingular, the only Frobenius slope of H 2 cris (X/W ) is 1 of length 22. There exists a canonical embedding N S(X)⊗Z p ֒→ H 1 (X, W Ω 1 X ) F =p and the Picard number of X, ρ(X) is not greater than the length of slope 1 part of H 2 cris (X/W ). It follows that ρ(X) ≤ 22 − 2h if h is finite. It is known that X is supersingular if and only if ρ(X) = 22. ( [2] , [31] , [18] , [5] , [17] ) The crystalline cohomology H i cris (X/W ) can be expressed as the hyper-cohomology of the DeRham-Witt complex
The naive filtration of the DeRham-Witt complex gives the slope spectral sequence
The E 1 -level page of the slope spectral sequence of X is following :
Here
and the slope spectral sequence degenerates at E 1 -level. And H 2 cris (X/W ) has an F-crystal decomposition
and
By the cup product pairing,
is (−1) h+1 . When X is of finite height h, the Frobenius morphism and the lattice structure of H 2 cris (X/W ) are completely determined by h. ([27]) Let us assume X is supersingular. Then H 0 (X, W Ω 2 X ) = 0 and the slope spectral sequence degenerates at E 2 -level. The only non-trivial map in the E 1 -page of the slope spectral sequence is d :
. d is surjective and ker d is a σ-dimensional k-space for an integer σ between 1 and 10. We say σ is the Artin invariant of X. It is known that the N S(X) is determined by the base characteristic p and σ and the discriminant of N S(X) is −p 2σ . ( [30] ) ker dV i : 
On the other hand,
be the representation of Aut(X) on (N S(X) * /N S(X)) ⊗ k. χ factors through the action of Aut(X) on (N S(X) * /N S(X)), a finite dimensional space over a prime field F p . Hence Im χ is finite. Any α ∈ Aut(X) preserves all lines k · x i and k · y i , in other words, all x i and y i are eigenvectors of χ(α). Since α * (V i x) = V i α * (x) and y i is dual to
be the representation of Aut(X) on H 0 (X, Ω 2 X/k ). By the Serre duality, the representation ρ is isomorphic to the representation of Aut(X) on k · y 0 . There exists a canonical map p : Im(χ) → Im(ρ) such that p • χ = ρ and p is isomorphic clearly.
Proposition 2.1. p : Im(χ) → Im(ρ) is an isomorphism. In particular, both are finite cyclic groups.
Remark 2.2. In [13] , a supersingular K3 surface is defined to be generic if the order of Im χ is 1 or 2 and it is proved that there exists a generic supersingular K3 surface of Artin invariant σ ≥ 2 over odd characteristic. By the above proposition, a supersingular k3 surface over odd characteristic is generic if and only if the order of Im ρ is 1 or 2.
For the order of the image, the following is known. We can also prove that for a K3 surface X of finite height, the representation ρ : Aut(X) → Gl(H 0 (X, Ω 2 X/k )) has a finite image. Proposition 2.4. Assume X is a K3 surface over a filed of characteristic p = 2. Then Im ρ is finite.
Proof. If p = 0, this result is classical. ([21]) We already see the supersingular case above. We assume p is odd and X is of finite height. Let X/W be a Neron-Severi group preserving lifting of X. ( [24] , [14] , [10] ) Let X K be the generic fiber of X/W and XK be X K ⊗K, whereK is an algebraic closure of K. The reduction map N S(XK = N S(X K ) → N S(X) is an isomorphism. When α : XK → XK is an automorphism, α can be defined over K ′ , a suitable finite extension of K and also α can be uniquely extended to the integral model α W :
Here o K ′ is the ring of integers of K ′ and X o K ′ is the base change of X/W to o K ′ . By the reduction we have a group homomorphism λ : Aut(XK ) → Aut(X).
Lemma 2.5 ([14]
). λ : Aut(XK ) → Aut(X) is an embedding of finite index.
, Corollary 2.5) by the Torelli theorem, λ is injective. Let µ : Aut(X) → O(N S(X)) be the canonical representation. Since H 0 (X, T X/k ) = 0, ker µ is finite. Let W X be the Wyle group of N S(X). Since an automorphism of X preserves the ample cone of X, the restriction map Im µ → O(N S(X))/W is injective. By the Torelli theorem,
Therefore the image of Aut(XK ) ֒→ Aut(X) → Gl(H 0 (X, Ω 2 X/k )) is also finite. Since Aut(XK ) is of finite index in Aut(X), the image of Aut(X) → Gl(H 0 (X, Ω 2 X/k )) is finite.
Assume X is a complex algebraic K3 surface. The transcendental lattice of X, T (X) is the orthogonal complement of the embedding N S(X) ֒→ H 2 (X, Z). The representation χ : Aut(X) → O(T (X)) has finite image and the canonical map Im(χ) → Im(ρ) is isomorphic. ( [21] ) If X is a supersingular K3 surface over odd characteristic, the rank of N S(X) is 22 and the transcendental part does not exist in theétale cohomology or the crystalline cohomology. Assume X is of finite height over odd characteristic p. Let T l (X) be the orthogonal complement of the embedding
for l = p and T cris (X) be the orthogonal complement of the embedding
We call T l (X) and T cris (X) the l-adic transcendental lattice of X and the crystalline transcendental lattice of X respectively. When ρ(X) is the Picard number of X, T l (X) and T cris (X) are of rank 22 − ρ(X). Note that
and there is a canonical projection T cris (X) → H 2 (X, O X ). Let χ l : Aut(X) → O(T l (X)) and χ cris : Aut(X) → O(T cris (X)) be the canonical representations.
Proposition 2.6. The images of χ l and χ cris are finite and there is an isomorphism ψ l : Im χ l → Im χ cris such that ψ l • χ l = χ cris .
Proof. Let X/W be a Neron-Severi group preserving lifting of X. Because N S(X K ) ≃ N S(X), considering the canonical isomorphisms
cris (X/W ) ⊗ K, the representations of Aut(XK )(⊂ Aut(X)) on T l (X) and T cris (X) have finite images. Therefore χ l and χ cris also have finite images by Lemma 2.5. When α is an automorphism of X, the characteristic polynomials of α * |H 2 cris (X/K) and α * |H 2 et (X, Q l ) are equal to each other and have integer coefficients. ( [7] , 3.7.3) Because the characteristic polynomial of α * |N S(X) is also integral, the characteristic polynomials of χ l (α) and χ cris (α) are equal to each other and integral. Since χ l (α) and χ cirs (α) are of finite orders, they are semi-simple and all their eigenvalues are roots of unity. It follows that the eigenvalues of χ l (α) and χ cirs (α) are same up to multiplicity and χ l (α) = id if and only if χ cris = id. Therefore ker χ l = ker χ cris and there exists the compatible isomorphism ψ l : Im(χ l ) → Im(χ cris ).
be the compatible isomorphism. Through the projection T cris (X) → H 2 (X, O X ), we have a canonical projection p : Im(χ cris ) → Im(ρ) such that p • χ cris = ρ. Composing with ψ l , we have a canonical projection p l = p • ψ l : Im(χ l ) → Im(ρ).
Proposition 2.7. Assume X is a K3 surface of finite height. Let α ∈ Aut(X). If the order of χ l (α) is prime to p and the order of ρ(α) is n, all the primitive n-th roots of unity appear as eigenvalues of χ l (α).
Proof. Let ξ = ρ(α). Since H 0 (X, Ω 2 X/k ) ֒→ T cris (X)/p, the lifting of ξ in W , an n-th root of unity is an eigenvalue of χ cris (α). Because the characteristic polynomial of χ cris (α) is integral, every n-th root of unity is an eigenvalue of χ cris (α) and is an eigenvalue of χ l (α).
Remark 2.8. Because the rank of the transcendental lattice is not greater than 21, if an n-th root of unity appears as an eigenvalue of T l (X) then φ(n) ≤ 21. Here φ is the Euler φ-function. In particular, if p ≥ 23, a p-th root of unity does not appear as an eigenvalue on χ l (α). If α ∈ Aut(X) is of finite order, all the possible cases for which a p-th root of unity occurs as an eigenvalue of χ l (α) are completely classified in [11] . Theorem 2.9. Assume X is a K3 surface over odd characteristic and α is an automorphism of X. Suppose the order of ξ = ρ(α) is n. We assume either of the following (1) X is of finite height h and the order of χ l (α) is not divided by p or (2) X is supersingular of Artin invariant σ and α is of finite order prime to p.
We also denote the unique lifting of ξ to characteristic 0 by ξ. Then in the case (1) ξ ±p 0 , ξ ±p −1 , · · · , ξ ±p 1−h occur as eigenvalues of χ l (α) up to multiplicity and in the case (2)
is a topological generator and a i ∈ W . Note that a 0 ∈ W * . Then
Hence the claim follows. Assume X is supersingular of Artin invariant σ and α is of finite order prime to p. Fix x 0 , a non-zero element of
It follows that ξ ±p 0 , ξ ±p −1 , · · · , ξ ±p 1−σ occur as eigenvalues of α * on N S(X) ⊗ W , so as eigenvalues of α * |N S(X) up to multiplicity. Since
When X is a complex algebraic K3 surface, the action of Aut X on the transcendental lattice T (X) is determined by the action on H 0 (X, Ω 2 X/C ) since the projection p : Im(χ) → Im(ρ) is isomorphic. Moreover if N is the order of Im ρ, by the Lefschtz (1,1) theorem, T (X) is a torsion free Z(ξ N )-module. Here ξ N is a primitive N -th root of unity. Since Z(xi N ) is P.I.D. if φ(N ) < 22, T (X) is a free Z(ξ N )-module. It follows that the rank of T (X) is a multiple of φ(N ). We can ask if the same result holds for a K3 surface of finite height over odd characteristic. We show the answer is affirmative when the base field is an algebraic closure of a finite field and the order of Im χ l is prime to p. Theorem 2.10. Let k be an algebraic closure of a finite filed of odd characteristic p and X be a K3 surface of finite height h over k. If the order of Im(χ l ) is not divisible by p, the projection p l : Im(χ l ) → Im(ρ) is bijective.
Proof. Suppose X is defined over F q for q = p m . The m-iterative relative Frobenius morphism of X/k is an endomorphism of X over k. We denote this morphism by F : X → X. The induced morphism F * |H 2 et (X, Q l ) is equal to the Galois action of the geometric Frobenius element of Gal(k/F q ) on
. Let ϕ(T ) be the characteristic polynomial of F * |V l (X). ϕ(T ) is a polynomial over Q. Let s 1 , s 2 , · · · , s r be the zeros of ϕ(T ). After replacing F q by a suitable finite extension if it is necessary, we may assume if s i /s j is a root of unity then s i = s j . Let α be an automorphism of X. We may assume α is defined over F q after replacing the base field F q by a suitable finite extension. In this case, F • α = α • F . Since F * and α * are semi-simple on V l (X), ( [6] ) there exist basis of V l (X) consisting of common eigenvectors for F * and α * . We assume t 1 , · · · , t r are eigenvalues of χ l (α) and
Let us fix an embeddingQ ֒→K. There is a unique q-adic order ord q onQ associated to the embedding. Assume ord q (s i ) = 1 − 1/h for i = 1, · · · , h. Then s 1 , · · · , s h are zeros of characteristic polynomial of F * |H 2 (X, W O X ). We assume ρ(α) = 1. By theorem 2.9, α * |H 2 (X, W O X ) = id. Because the characteristic polynomial of (F • α) * |T l (X) is equal to the characteristic polynomial of (F • α) * |T cris (X), ( [7] ) if ord q (s i ) < 1, t i = 1. Now assume t i = 1 for some i > h. Because the Tate conjecture is valid for K3 surfaces, ( [24] , [17] ) s i is conjugate to s j over Q for some j ≤ h. Suppose τ (s i ) = s j for some τ ∈ Gal(Q/Q). Then τ (s i t i ) = s j τ (t i ) = s k t k = s k for some k ≤ h. But it is impossible since τ (t i ) = 1 is a root of unity. Therefore χ l (α) = id and p l : Im(χ l ) → Im(ρ) is injective.
Corollary 2.11. Let k be an algebraic closure of a finite filed of odd characteristic p. X is a K3 surface of finite height over k. We assume N is the order of Im χ l and is not divisible by p. Then the rank of T l (X) = 22 − ρ(X) is divisible by φ(N ).
Proof. In the proof of theorem 2.10, if ρ(α) is a primitive N -th root of unity, t i is a primitive N -th root of unity for i = 1, · · · , h by theorem 2.9. Then for arbitrary t j , there is τ ∈ Gal(Q/Q) such that τ (t j ) = t i for some i ≤ h, so t j is also a primitive N -th root of unity. It follows that the characteristic polynomial of χ l (α) is a power of N -th cyclotomic polynomial over Q and the rank of T l (X) is a multiple of φ(N ).
3 Non-symplectic automorphism of higher order and Frobenius invariant
Let k be an algebraically closed field of odd characteristic p. X is a K3 surface over k. Assume α is an automorphism of X and N is the order of ρ(α). By Proposition 2.7 and Proposition 2.1 of [11] , if X is of finite height and the order of χ l (α) is prime to p, all the primitive N -th roots of unity appear as eigenvalues of χ l (α). Moreover if φ(N ) > 10 each primitive N -th root of unity appears in the eigenvalues only one time.
After shrinking the base Spec R, we may assume α extends to X /R and every geometric fiber of X /R has the same Frobenius invariant with the generic fiber. We choose a fiber of a closed point of Spec R, X 0 . X 0 is a K3 surface defined over a finite field. By the assumption, the rank of the Neron-Severi group of X 0 ⊗ F p is at least 22 − φ(N ). Then the claim follows by proposition 3.1.
Corollary 3.4. Assume X is a K3 surface over k equipped with an automorphism α such that the order of ρ(α) is N . We assume α is of finite order prime to p and and a primitive N -th root of unity appears only on time in the eigenvalues of α * |H 2 et (X, Q l ). If the order of p in (Z/N Z) * is 2n and p n ≡ −1 modulo N , X is supersingular of Artin invariant n.
Proof. By corollary 3.3, X is supersingular. Since n is the least number satisfying p n ≡ −1 modulo N , the Artin invariant of X, σ is at least n by proposition 2.3. On the other hand, by theorem 2.9, σ can not be bigger than n, so σ = n.
Because a supersingular K3 surface of Artin invariant 1 is unique up to isomorphism, we obtain the following. Proof. The existence is guaranteed by Section 3 of [11] Remark 3.6. Over C, a K3 surface equipped with an purely non-symplectic automorphism of some high order is unique. ( [16] , [25] , [1] , [32] ) Also there is a unique K3 surface with an automorphism of order 60 over characteristic = 2. ( [12] ) Remark 3.7. Assume X is a complex K3 surface equipped with an automorphism of non-symplectic order N and the rank of the transcendental lattice of X is 22−φ(N ). By [29] Corollary 3.9.4, such a K3 surface gives a CM point in the moduli Shimura variety and is defined over a number field. Moreover the representation of the Galois group of the base number field on the transcendental lattice of X is abelian and modular. (c.f. [15] ) In particular, when N = 60 and 10 < φ(N ) ≤ 20, there exists a complex K3 surface equipped with a purely non-symplectic automorphism of order N defined over Q. ([11] , [16] ) For such a K3 surface, by Proposition 3.1, the height of the reduction over a finite field is determined by the congruence class of the residue characteristic modulo N . Moreover if the automorphism is of finite order and φ(N ) > 10, by Corollary 3.4, the Artin invariant of a supersingular reduction is also determined by the congruence class of the residue characteristic.
Example 3.8. Let X 66 /Q be an elliptic K3 surface given by the equation
over P 1 . When ξ is a primitive 66th root of unity, α : (x, y, t) → (ξ 40 x, ξ 27 y, ξ 54 t) is a purely non-symplectic automorphism of order 66 of X 66 . X 66 has a good reduction 
